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HOMOGENEOUS EINSTEIN METRICS ON G 2 /T 
ANDREAS ARVANITOYEORGOS, IOANNIS CHRYSIKOS, AND YUSUKE SAKANE 

Abstract. We construct the Einstein equation for an invariant Riemannian metric on the 
exceptional full flag manifold M — G2/T. By computing a Grobner basis for a system of poly- 
nomials of multi-variables we prove that this manifold admits exactly two non-Kahler invariant 
Einstein metrics. Thus G2/T turns out to be the first known example of an exceptional full flag 
manifold which admits at least one non-Kahler and not normal homogeneous Einstein metric. 
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^ . Introduction 

A Riemannian manifold (M, g) is called Einstein if the metric g has constant Ricci curvature, 
that is Ric 9 = Xg for some A E R, where Ric 9 is the Ricci tensor corresponding to g. The 
question whether M carries an Einstein metric, and if so, how many, is a fundamental one 
in Riemannian geometry. A number of interesting results in geometry have been motivated 
and inspired by this hard problem. The Einstein equation is a non linear second order PDE, 
and a good understanding of its solutions in the general case seems far from being attained. It 
becomes more manageable in the homogeneous setting. Most known examples of compact simply 
. connected Einstein manifolds are homogeneous. In the homogeneous case the Einstein equation 

reduces to a system of algebraic equations for which we are looking for positive solutions. For 
some cases such solutions can been obtained explicity. In the compact case, invariant Einstein 
metrics are also characterized as the critical points of the scalar curvature functional on the 
space of invariant Riemannian metrics of fixed volume. We refer to [NRS] and the references 
therein for more details in compact homogeneous Einstein manifolds. 

Let K be a compact, connected and semisimple Lie group. A full flag manifold is a compact 
homogeneous spaces of the form KIT where T is a maximal torus in K. It is well known ([BHi, 
p. 504]) that such a space admits |W(if)|/2 invariant complex structures (here W(K) is the 
Weyl group of K), which are all equivalent under an automorphism of K ( |Nisl p. 57]). Also, 
K/T admits a unique (up to isometry) ET-invariant Kahler-Einstein metric. 

Non-Kahler homogeneous Einstein metrics on full flag manifolds corresponding to classical 
Lie groups have been studied by several authors (cf. [Arv| . [Saklj . [DSN]). Although various 
existence results of homogeneous Einstein metrics on these spaces have been obtained, the classi- 
fication of such metrics is a demanding task which remains widely open. In the present paper we 
study the classification problem of homogeneous Einstein metrics on the full flag manifold G2/T. 
The isotropy representation of G2/T decomposes into six inequivalent irreducible submodules, 
because the root system of the Lie algebra 02 of G2, has six positive roots (see Section [2]). There 
are three (non isomorphic) flag manifolds corresponding to the exceptional Lie group G 2 , since 
there are exactly three different ways to paint black the simple roots in Dynkin diagram of 02 1 as 
shown in Figure 1 (for the classification of generalized flag manifolds in terms of painted Dynkin 
diagrams see [A AT]. |APe] . 
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Figure 1. The painted Dynkin diagrams corresponding to G2 

If we paint black one simple root in the Dynkin diagram of G2 , then we obtain a flag manifold of 
the form G2/U(2) with two or three isotropy summands, depending on the height of this simple 
root. Recall that for the root system of 02; we can choose a set of simple roots by Iljvf = {ai, a 2 } 
with (ai, ai) = 3(a2, a 2 ) and then, the heighest root has the form 5 = 2ai + 3a 2 (see Section 5). 
Thus, the flag manifold G 2 (a 2 ) in Figure 1 has two isotropy summands, and U{2) is represented 
by the short root of g 2 Q In |B5K| this space is denoted by G 2 /E/(2)3 (the subscript is the Dynkin 
index of the SU{2) factor in the denominator subgroup). For this space, all G 2 -invariant Einstein 
metrics have been obtained explicity in [Sak2] . [AC1| . The second flag manifold G 2 (ai) in Figure 
1, has three isotropy summands and the isotropy group U(2) is represented by the long root of 
g 2 . In [BoK| this is denoted by G 2 /J7(2)i. For for that space, the G 2 -invariant Einstein metrics 
were initially studied in [Kirnj . and later in | Arv) . 

The full flag manifold G 2 /T, where T = U(l) x U(l) is a maximal torus in G 2 , is obtained 
by painting black both simple roots in the Dynkin diagram of G 2 . According to [WZ1] a full 
flag manifold K/T is a normal homogeneous Einstein manifold if and only if all roots of K have 
the same length, and in this case the normal metric of K/T is never Kahler. Therefore, if K is 
an exceptional Lie group then K/T is a normal homogeneous Einstein manifold if and only if 
K £ {Eq, £7, E$}, hence G 2 /T is not normal. Our main result is the following: 

Theorem A. The full flag manifold G 2 /T admits exactly three G2-invariant Einstein met- 
rics (up to isometry). There is a unique Kahler- Einstein metric given (up to scalar) by g = 
(3,1,4,5,6,9) and the other two are not Kahler. The approximate values of these invariant 
metrics are given in Theorem 13. 11 

As a consequence of Theorem A, G 2 /T is the first known example of an exceptional full 
flag manifold which admits at least one non-Kahler and not normal homogeneous Einstein 
metric. Note that the isotropy representation of the full flag manifolds corresponding to the 
other exceptional Lie groups F±,Eq,Ei, and Eg decomposes into 24,36,63, and 120 isotropy 
summands respectively (see Section [lj Table 1), so searching for new non Kahler and not normal 
homogeneous Einstein metrics by using traditional techniques seems to be a difficult task. Finaly, 
note that the present work on G 2 /T is the first attempt towards the classification of homogeneous 
Einstein metrics on generalized flag manifolds with six isotropy summands. 

The paper is organised as follows: In Section Q] we recall the Lie theoretic description of a 
full flag manifold K/T of a compact and connected semisimple Lie group K, and we study its 
isotropy representation. Next, following the article [Saklj we describe the structure constants 
of K/T relative to the associated isotropy decomposition, and we give the expression of the 
Ricci tensor of a iT-invariant metric on K/T. In Section [2] we consider the exceptional full 
flag manifold G 2 /T and we give its Lie theoretic description. Then we construct the Einstein 
equation for a G 2 -invariant Riemannian metric. In the last section, we give the corresponding 
polynomial system, and by computing Grobner basis for this system, we prove Theorem A and 
obtain the full classification of homogeneous Einstein metrics on G 2 /T. 

1. Full flag manifolds 

From now on we consider a full flag manifold K/T where T is a maximal torus of a compact 
semisimple Lie group K. We will give a characterization of K/T in terms of root system theory, 



For the notation 02(02) and G2(ai) see the article [A Arj . 
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and we will describe some topics of the associated Kahler geometry. Then, we study the isotropy 
representation of K/T and we give the expression of the Ricci tensor for a ET-invariant metric 
on K/T. 

1.1. A Lie theoretic description of K/T. Assume that dim^T = rkG = £. We denote by 
t, t the Lie algebras of K and T respectively, and by tc = t © it, tc = t © it, the corresponding 
complexifications. Let t* and t c be the dual spaces of t and tc, respectively. The subalgebra tc 
is a Cartan subalgebra of the complex semi-simple Lie algebra tc, and thus we obtain the root 
space decomposition 

«c = tcffi^tg, 

where R is the root system of tc relative to tc and 

tg = {X G tc : &d{H)X = a(H)X, for all H G tc} 

is the root space associated to the root a. Recall that by C-linearity, a root a G R is completely 
determined by its restriction to either t or it. Since the Killing form B of tc is non-degenerate, 
for any A G t£ we define H\ G *t by the equation B{H\,H) = \{H) for all H E tc- Let it* 
denotes the real linear subspace of t c which consists of all A G t c such that the restriction A| t 
has values in iK; the later condition is equivalent to saying that A|jt is real valued. Note that the 
restriction map A i— )■ A|jt defines an isomorphism from it* onto the real linear dual space (it*), 
which allows us to identify these spaces. Then, it is well known that R spans it* and that R is 
a finite subset of it*\{0}. Thus, if a G R then a G it*. 

Let ( , ) denote the bilinear form on t c induced form the Killing form B, that is (A,/x) = 
B(H\, Hfj), for any A, \i G t c . Then, since B is negative definite on t and positive definite on it, 
the restriction of ( , ) on it* is a positive definite inner product. The weight lattice of tc with 
respect to tc is given by 

A = {A G it* : 2 / A ' 7 G Z for all a G R}. 

(a, a) 

Let n = {a 1 , . . . , a e } be a simple root system of R, and let R + be the set of all positive roots 
with respect to IT. Consider the fundamental weights corresponding to EE, that is A 1; . . . , Ag G A 
such that 

2(A i ,a li ) 

-T^( = 6 ij (l<i,j<£). (1) 

Then {Ai, . . . , A^} forms a Z-basis for the weight lattice A, and since it = (it)* = it*, it is that 
it = J2i=i KAj. In the weight lattice A there is a distinguished subset A + given by 

A + = {A G A : (A, > for any i = 1, . . . , £} = {A G A : (A, a) > for any a G R + }. 

One can see that A + is the intersection of A with the fundamental Weyl chamber corresponding 
to II, given by 

C(II) = {A G it* : (A, Qj) > for any a t G II}. 

Elements of A + are usualy called dominant weights relative to R + , and any dominant weight can 
be expressed as a linear combination of the fundamental weights with non negative coefficients. 
For example, set 



1 



8=~ V a G it*. 
2 ^ 



Then, 5 = J^Li A * and thus (cf. [Buml p. 144], pM p. 523]). 
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Set 

n fV - b = ic0n. 

Since R + is a closed subset of R and [fc^c] ^ {g, it is clear that n and b are closed under the 
Lie bracket, and thus they are complex Lie subalgebras of tc- O ne can easily show that n is 
a nilpotent ideal of tc- Morever, since tc is abelian and normalizes n, we have that [b,b] C n, 
and since n is nilpotent and hence solvable, it follows that b is solvable. In fact, b is a maximal 
solvable Lie subalgebra of tc, i-e. a Borel subalgebra of tc- 

Let Kc denote the complex simply connected semisimple Lie group whose Lie algebra is tc- 
Then, the connected subgroup B C Kc with Lie algebra b is a Borel subgroup of Kc- Let 
N be the connected Lie sugroup of Kc corresponding to n, and A be the connected subgroup 
of T corresponding to the abelian Lie subalgebra a = it. Then, according to the Iwasawa 
decomposition we have that any g E Kc can be expressed as g = ank, where a E A, n £ iV and 
k E K. In particular, the map A x N x K — > Kc is a diffeomorphism. At the Lie algebra level, 
this means that tc = a © n © t. One can easily show that o © n is a solvable subalgebra which 
is contained in the Borel subalgebra b. Thus we have A x N C B C Kc and we can rewrite 
the Iwasawa decomposition as Kc = B x K. This implies that K acts transitively on Kc/B 
with isotropy subgroup the connected closed subgroup T = K n B C K . Thus Kc/B = K/T 
as C°°-manifolds. 

Since Kc is a complex Lie group and B a closed complex subgroup, the quotient Kc/B admits 
a fT-invariant complex structure. Furthermore (cf. [BHi| ). the K- invariant complex structures 
on Kc/B = K/T are in 1-1 correspondence with different choices of positive roots for tc- Since 
the Weyl group W(R) of the root system of tc acts transitively on the sets of systems of positive 
roots, all these complex structures are equivalent. Moreover, the following holds: 

Theorem 1.1. ([BHi], [Tak]). There is a 1-1 correspondence between K-invariant Kdhler met- 
rics on Kc/B and dominant weights in A + . In particular, the K-invariant Kdhler metric on 
Kc/B corresponding to 25 is a Kdhler- Einstein metric. 

1.2. The isotropy representation of K/T. We will now examine the isotropy representation 
of a full flag manifold Kc/B = K/T. Cosnider the reductive decomposition t = tffi m of t with 
respect to the negative of the Killing form Q = —B( , ), that is m = t and Ad(T)m C m. 
As usual, we identify m = T (K/T) (where o = eT is the identity coset of K/T), via the 
isomorphism 

m3 X ^ X* = -^{Ad(exptX)o} E T (K/T). 
du t — o 

Take a Weyl basis {H Ql , . . . , H ae }U{E a E tg : a E R} with B(E a , E_ a ) = -1, [E a ,E- a ] = -H a 
and 

N a ^E a+l3 if a,(3,a + f3 £ R , . 

if a, 13 E R,a + (3 <£ R. U 

The numbers N a p E K are called the structure constants of tc with repsect to tc and they 
are such that N a> p = if a, f3 E R, a + j3 £ R, and N Uj p = —Np ;CX , N a) p = iV_ Q _ / g E R if 
a, (3, a + (3 E R. Then, the real subalgebra t is given by 

e 

t = MiH aj © ( MA « + ^B a ) = t © (RA a + RB a ), (3) 

3=1 aeR+ a£R+ 

where A a = E a + E- a and B Q = i{E a — E- a ), (a E Note that t, as a real form of 

tc, is the fixed point set of the conjugation r : tc — > tc, defined by r{E a ) = E_ a . Since 



[E a ,Ep] 
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t = span R {iH aj : 1 < j < £}, then the reductive decomposition q = t © m implies that 

m = T (K/T) = ^ + RB a ). (4) 

aeR+ 

Set xn a — M^4q, + M.B a for any a E R~^~ . The linear space xn a is an irreducible Ad(T)-module 
which does not depend on the choise of an ordering in R. Furthermore, since the roots of tc with 
respect to tc are distinct, and the root spaces are one-dimensional, it is obvious that trio- % tug as 
Ad(T)-representations, for any two roots a, @ € R + . Thus, by using (j3J) we obtain the following: 

Proposition 1.2. Let M = K/T be a full flag manifold of a compact simple Lie group K. 
Then the isotropy representation of M decomposes into a direct sum of 2-dimensional pairwise 
inequivalent irreducible T-submodules m a , as follows: 

m = ^ m Q . (5) 

The number of these submodules is equal to the cardinality \R \- 

In Table 1, following [Bouj . we give for any full flag manifold K/T of a compact simple Lie 
group K the number of the corresponding isotropy summands. 

Table 1. The number of the isotropy summnads for a full flag manifold K/T 



Simple Lie group G 


Full flag manifold K/T 


\R\ 


m = 


= ©Lititi 


SU(£+1), £ > 1 


SU(£+1)/T 


£(£+!) 


s = 


£{£+l)/2 


SO(2£ + l), e>2 


SO(2£ + l)/T 


2£ 2 


s = 


f 


Sp(£), i>2 


Sp(£)/T 


2£ 2 


s = 


f 


SO(2£), I > 3 


SO(2£)/T 


2£{£ - 1) 


s = 


£{£-!) 


G 2 


G 2 /T 


12 


s = 


6 


F 4 


Fa/T 


48 


s = 


24 


E 6 


E 6 /T 


72 


s = 


36 


E 7 


E 7 /T 


126 


s = 


63 


E 8 


E 8 /T 


240 


s = 


120 



Note that for I = 1 the full flag SU(i + 1)/T is SU(2)/U(1) ^ CP 1 , which is an isotropy 
irreducible Hermitian symmetric space. 

1.3. The Ricci tensor for a i^-invariant metric on K/T. Since K/T is a reductive homo- 
geneous space, there is a natural 1-1 correspondence between iT-invariant symmetric covariant 
2-tensors on K/T and Ad(T)-invariant symmetric bilinear forms on m. For example, in this 
correspondence a if-invariant Riemannian metric g on K/T corresponds to an Ad(T)-invariant 
inner product ( , ) on m. In particular, since m admits the decomposition ([5]) and the Ad(T)- 
modules are mutually inequivalent, the space of if-invariant Riemannian metrics on K/T is 
given by 

{d = (, )= ^2 x a -Q\ ma :x a eR + }. (6) 

QG-R+ 

Notice that the K- invariant Kahler-Einstein metric on Kc/B = K/T corresponding to 25 = 

2 Ei=i A i is s iven b y 

g 25 = 2(Ai + ---+Af,a)-Q| mQ . (7) 

Similarly, the Ricci tensor Ric 9 of a iT-invariant metric g on K/T, as a i^-invariant covariant 
2-tensor, will be described by an Ad(T)-invariant symmetric bilinear form on m given by 

Ri c g = ^ r a x a ' Q|m a i 
aeR+ 
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where r a (a G R + ) are the components of the Ricci tensor on each module m Q . Since m a ^ 
for any a, (3, G R + , it is Ric 9 (m Q , tug) = (cf. |WZ2] ). 

The components r a admit a useful description in terms of the structure constants of K/T 
associated to the isotropy decomposition ([5|). For convenience, we give the general definition of 
these quantities for a compact homogeneous space K/L of a compact semi-simple Lie group K, 
following [WZ2j and [PaSJ. Let t=(®mbea reductive decomposition of t = T e K with respect 
to a bi- invariant metric Q on t. Assume that the isotropy representation m of K/L decomposes 
into s pairwise inequivalent irreducible Ad(L)-modules rrij as follows m = mi © • • • ©m s . Choose 
a Q-orthonormal basis {e p } adapted to m = ©f =1 rrij, that is e p G trij for some i, and p < q if 
i < j (with e p G m, and e q G tit/). Here, Q is a bi-invariant metric on the Lie algebra t = T e K. 
Let A r pq = Q([e p , e q ],e r ), so that [e p , e q ] m = ^ 7 A r pq e r , and set 



Ew 2 



(8) 



where the sum is taken over all indices p,q,r with e p G mi,e q G rrij, and e r G m^. The triples 
are called the structure constants of K/L with respect the decomposition m = ffif =1 trij of m. 

yj. 



According to |WZ2] . the structure constants are independent of the Q-orthonormal bases {e p }, 

{e q } and {e r } chosen for m-i,m.j and rrifc, respectively, but obviously they depend on the choise 

, , '/.•" 
is nonnegative, i.e. 



of the decomposition of m. Also, 



> with 



if and only if 













k 




k 




3 


}j. 




j*. 




ki 



Q([m.i, xrij], rrifc) = 0, and they are symmetric in all three entries, that is 

We now return to K/T and study its structure constants with respect the Q-orthogonal 
decomposition m = ^2 a&R + m Q , where Q = —B( , ), and xn a = M.A a + M.B a . Note that we can 
rewrite the above splitting of m as m = mi © • • • © m s , where s = \R + \- Since B(E a , E a ) = — 1, 
one can verify that the vectors A a and B a are such that B(A a , A a ) = B{B a ,B a ) = —2 and 
B(A a ,B a ) = 0. Therefore, the set 



Eg + E_ 

V2 



B n 

Y — — 



i(E a - E. 



: a G R 



(9) 



is a Q-orthonormal basis of m a . If we denote for simplicity such a basis by {e a } = {X a , Y a }, then 

where {e a }, {ep} and {e 7 } are the Q-orthogonal 



the notation 



can be rewritten as 



7 

a/3 



bases of the modules m Q ,m^, and m 7 , respectively. 
Recall that if a,/3 G R such that a + j3 ^ 0, then 



[Hel, p. 168]). Since 



7 

a/3 



t^ +P and S(tg,«2) = (cf. 



^ if and only if Q([m a , m^], m 7 ) ^ 0, we can easily conclude that 



7^ 0, if and only if the positive roots a, (3, 7 are such that a + (3 — 7 = 0. Thus, we have 



7 

af3 

a ^ ^ / 0, for any a, (3 G R such that a + (3 G R. 

a/3 

By using the above notation, it can be shown (cf. [Sakl]) that the Ricci component r a 
corresponding to the isotropy summand m Q is given by 



— - V 

2x n + 8 ^ 



a 



1 E 



4 ^ . x a XR 



7 

a/3 



(10) 
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for any a G R + . Hence, a if -invariant metric ([6]) on K/T is an Einstein metric with Einstein 
constant k if and only if it is a positive real solution of the system 

|r Q = k : a £ 

Proposition 1.3. For a full flag manifold K/T the triples 



fir 



Q + /?' 

a /3 



are given by 



a + /?' 

a /3 



(12) 



Proof. By definition ([8]) it is 



a + /3' 

a f3 



(A a a + /) 2 , where 



.4 



a+/3 
a/3 



B([X a + Y a ,Xp + Yp],X a+ p + Y L 



= -^=B([A a ,Ap) + [A a ,Bp] + [B„,^] + [B a ,Bp],A a+ p + B a+ p). 

By using ([5]) and the relations N a> p = N„ a ,_p, and N a -p = AL Q : p, we obtain that 

[A*, Ag] = N a fi(E a+ p + S_( a+/3 )) + N a -p{E a ^p + E_ a+ p), 
[Aa, -B/?] = iN a ^(E a+/3 — £ , _( a+(3 )) — iN a _p(E a _p — E_ a+ p), 
[B a ,Ap] = iN a% p(E a+ p — £l( a+( g)) + iN a _p(E a _p — E_ a+ p), 
[B a ,Bp] = -N at p(E a+ p + E_( a+ p)) + N a -p{E a -p + S_ a+/ g), 

or equivalently, 

[Aq + B a ,Ap + 5^] = 2iN at p(E a+ p - E_( a+/ 3)) + 2N a _p(E a _p + E_ a+ p). 
But B(E a , Ep) = if a + /3 / 0, and thus B(E±r a _p\, E ± ^ a+ p^) = 0. So (fT3|) implies that 



(13) 



.4 



a/3 



■^-y=B (2iN at p(E a+ p - EL(a, +/ 3)) + 2N a -p{E a -p + £_ a+/ 3), (-E a +/3 + £_( Q+ ^)) 



'a+P 



E 



•(a+j8) 



■^=B \ 2iN a: p(E a+ p - £L( a+/J )), (£7q! +/ 3 + £_( a+i a)) + i(E a+ p - E_( a+ py 
~^2^a,p \B(i(E a+ p - E_( a+ p)),E a+ p + 

+-B^(^a+/3 - E_^ a+ p^),i(E a+ p ~ 



= -y=^Q!, / 8^- B (- B Q!+/3!^Q!4-/3) + B(B a+ p, B a+ p)J = -—N a> p, 

since B(B a+ p, A a+ p) = and B(B a+ p, B a+ p) = —2. The last equation implies that (A° + J 



1 a/3 



□ 



Remark 1.4. If a,/3 € i? such that a — (3 £L R, then by a similar method we obtain that 



a — (5 
a (3 



Wl_p. 



Remark 1.5. Two roots a, (3 £ R have the same length with respect to the Killing form B 
if and only if there is an element w of the Weyl group W(R) of the root system R such that 
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j3 = w(a) (see for example [TYv4 p. 242]). Thus, due to the invariance of the Killing form under 
W(R), it is obvious that for any element w E W(R) it is 

(14) 







' 7 " 


w{a) w{j3) 




a (3_ 



2. The full flag manifold G2/T 

We now study the geometry of the full flag manifold G2/T, where T is a maximal torus of 
G2. We start by describing its isotropy representation 

2.1. The decomposition of the isotropy representation of G2/T. The root system of 
the exceptional complex simple Lie algebra Q2 can be chosen as by R = {±01, ±02, ±(oi + 
02), ±(01+202), ±(01 + 302), ±(2oi+3o2)}. We fix a system of simple roots to be II = {oi, 02}. 
With respect to IT the positive roots are given by 



IP 



{01, 02, Ol + 02, Ol + 202, OL\ + 302, 2oi + 302}. 



(15) 



The maximal root is o = 2oi + 3o2 (see Figure 2). The angle between oi and 02 is 5ir/6 and 
we have ||oi|| = \/3||a2[|- Note that the roots of G2 form succesive angles of n/6. Also, the 
Weyl group of G2 is generated by rotations of M. 2 about the origin through an angle 7r/6, and 
reflexions about the vertical axis. 

2ai + 3«2 



oil + a.2 


ai + 2a>2 







a 2 



Figure 2. The root system of G2 
The full flag manifold G2/T is obtained by painting black both the two simple roots in the 
Dynkin diagram of G2. According to ([5]) and since \R + \ = 6, the isotropy representation m of 
G2/T decomposes into six inequivalent irreducible ad(£)- submodules, i.e. 



where the submodules tru 



m = mi © m 2 © m 3 © m 4 © m 5 © m 6 . 
= 1 < i < 6), are given as follows: 



mi 
m2 
tri3 
m 4 
m 5 
m 6 



m. 



l Q'2 



tu 

^oi+3c«2 = 
m 2ai+3a 2 



Ct2 nx - J - , (X2 ) 

«i+c*2 s! ^- D a\+a2 ' 
ai+2a 2 +^^ai+2a 2 ' 
ai+3ci2 -^^ai+3a2' 



2«i+3cf2 ~r 



2ai+3«2 ' 



(16) 
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2.2. Kahler-Einstein metrics. Let K/T be a full flag manifold of a compact connected simple 
Lie group K. A .fT-invariant complex structure on K/T is determined completely by an Ad(T)- 
invariant endomorphism J Q of mc such that J% = — Id m c and 

[J X, J Y] mC - [X, Y] m c - J [X, J Y] m c - J [J X, Y} m c = 0, (17) 

for all X, Y G mc. The eigenvalues of J Q on mc are ±i and thus we obtain the decomposition 
mc = m^o © mo,i, where m^o and mo,i are the eigenspaces of J Q with eigenvalues +i and —i, 
respectively. One can easily check that the integrability condition (117p for J is equivalent to the 
condition that tc © m^o is a complex subalgebra of tc- 

Now, from the relation J Q (Ad(t)X) = Ad(t)J Q (X) for any t G T and X G mc, one can show 
that (cf. (EH3, [ATe] . [BFR] ) 

J G £ ±Q = ±1E ±Q (a G #+). (18) 

Thus there is an one-to-one correspondence between invariant complex structures J on K/T and 
invariant orderings R + in R. Since invariant orderings are in one-to-one correspondence with 
Weyl chambers, the above bijection is expressed as follows: 

Proposition 2.1. There is an one-to-one correspondence between invariant complex structures 
on K/T and Weyl chambers in it* . 

In Figure 2, we see that in the root lattice Aq 2 = span z {a : a G R} of G2, these are 
twelve Weyl chambers (six positive and six negative), which in turn induce six different positive 
orderings R + in R, and six negative ones given by R~ = —R + . Thus, relation f)18|) implies that 
on G2/T, admits twelve (^-invariant complex structures J, or six pairs of conjugate complex 
structures. Notice that if J is a complex structure corresponding to an ordering R + in R, then 
the conjugate complex structure J of J, is determined by the opposite ordering R~ = —R + . 
Thus we identify J and J. In this way, we conclude that G2/T admits six invariant Kahler- 
Einstein metrics, which are all isometric to each other, since the six complex structures on G2/T 
are equivalent under an automorphism of G2- Any such metric is obtained from the other by 
permuting the parameters which define it. 

We now compute the (unique) Kahler-Einstein metric which is compatible with the natural 
complex structure J na t) that is, the complex structure corresponding to the natural invariant 
ordering R + given by (|15p . From ([6]), a GVinvariant Riemannian metric on G2/T is given by 

9 = xi-Q\ mi -\ hx 6 -Q| m6 (19) 

where we have set xi = x ai ,X2 = x a2 ,x^ = x ai+a2 , X4 = x ai+ 2a 2 -, x 5 = x ai+ 3 a2 and xq = 
%2a 1 +3a 2 - Note that xi G M + for all i = 1, . . . , 6. Next we will denote such metrics by g = 

(xi,X2,X3,X 4 ,X 5 ,X 6 ) G M+ 6 . 

Theorem 2.2. The full flag manifold G2/T admits six invariant Kahler-Einstein metrics which 
are isometric to each other. The Kahler-Einstein metric g nSu t = #25 w hich is compatible with the 
natural invariant ordering J na t is given (up to a scale) by g na t = (3, 1,4,5,6,9). 

Proof. According to notation of Section II. 1\ the weight 5 for G2 /T is given by 

! 2 
5 = S G2 = - a = Yl Ai = Al + A2 ' 

a€R+ i=l 

where Ai and A2 are the fundamnetal weights corresponding to the the simples roots a± and 
02, respectively. Now, in Figure 2 one can easily distinguish the long roots 

£1 = ax, £2 = 01 + 302, £3 = 2ai+3a2, (20) 
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from the short roots 

Si = Q!2, 5 2 = ai+a 2 , £3 = ai + 2a 2 . (21) 

It is ||£j|| = v3||«5j|| where 1 < i,j < 3 and i,j independent. We set (£{,£{) = 3 and 
(Si, Si) = 1, for any 1 < i < 3. According to expression (fl9l) . the Kahler-Einstein metric g nat 
which is compatible to the natural invariant complex structure J na t defined by the ordering R + , 
is given by 

9na,t 9a± ■Q\ mi + 9a 2 ■ Q\ IT12 "T" 9(0.1+0.1) ■Q\ m 3 ) • Q\ m 5 ■Q\ 

where rrifc (A; = 1, . . . , 6) are given by (fl~6l) . By using (pQ) and applying relation ((ZJ), we obtain 
the following values for the components g a = (25, a), where a G R + . 

g ai = 2(Ai + A 2 ,ai) = 2(Ai,ai) = (ai,ai) = 3, 

g a2 = 2(Ai + A 2 ,a 2 ) = 2(A 2 ,a 2 ) = (a 2 ,a 2 ) = 1, 

c/ Ql+Q2 = 2(Ai + A 2 ,ai +a 2 ) = 2(Ai,ai) +2(A 2 ,a 2 ) = 4, 

9ai+2a 2 = 2(Ai + A 2 ,ai + 2a 2 ) = 2(Ai,ai) + 4(A 2 ,a 2 ) = 5, 

9ai+3a 2 = 2(Ai + A 2 ,ai +3a 2 ) = 2(Ai,ai) + 6(A 2 ,a 2 ) = 6, 

52 ai +3« 2 = 2(Ai+A 2 ,2ai + 3a 2 ) = 4(Ai,ai) + 6(A 2 ,a 2 ) = 9. 

Thus the G 2 -invariant Kahler-Einstein metric which corresponds to J na t is given (up to a con- 
stant) by g nat = (3, 1, 4, 5, 6, 9). □ 

2.3. Homogeneous Einstein metrics. We now proceed to the calculation of the Ricci tensor 
Ric 9 corresponding to the G 2 -invariant metric (|19j) on G 2 /T. Following the notation of Section 
11.31 the tensor Ric 9 , as a G 2 -invariant symmetric covariant 2-tensor on G 2 /T, is given by 

Ric 9 = r\X\ ■ Q\ m H h r 6 x 6 • Q| m6 , 



where for simplicity we have set n = r ai ,r 2 = r a2 ,r 3 = r ai+ct2 , r 4 = r ai+2a2 , r 5 = r ai+3a2 



and 

k 



f& = ^2ai+3a 2 - m order to apply (fTUj) . we first need to find the non zero structure constants 

of G2/T. For such a procedure we need to determine all triples of roots (a,f3,j) with zero sum 
that isa + /3 + 7 = 0. According to Section 11.31 by using relations (fl~5j) and (fl~6j) . we obtain the 
following results: 



ol\ + «2 + (— (ofi + 0:2)) = 

a 2 + (ai + a 2 ) + (—(011 + 2a 2 )) = 

a 2 + (a± + 2a 2 ) + (—(ai + 3a 2 )) = 

Oi\ + ("i + 3a 2 ) + (— (2«i + 3a 2 )) = 

(a x + a 2 ) + (ax + 2a 2 ) + (-(2a x + 3a 2 )) = 



ai + a 2 
«i a 2 

ai + 2a 2 
a 2 a\ + a 2 



^0 



ai + 


3a 2 




'5" 


a 2 ai 


+ 2a 2 _ 




24 


" 2ai 4 


- 3a 2 




'6" 




+ 3a 2 _ 




15 



^0 
^0 
^0 



2ai + 3a 2 




'6" 


ot\ + a 2 ol\ + 2a 2 




34 



^0 



(22) 



For the calculation of the above triples we will apply Proposition 11.31 and relation (fl~4|) . Recall 
that 

r2 _ at Ar . _«(P+ 1 ). 



-Q(a, a), 



(23) 



where p, g are the largest nonnegative integers such that /3 + ka S -R, with — p < k < q. 
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Since, according to (|20p and (|2ip . the positive roots (|15p of G2 are divided into long and short 



r 3 

c 12 



c 24 



-34 



'15 



"23 



El 


as i 


"3" 




1 9 


= 


"5" 




94 


= 


"6" 




34 




"6" 




15_ 




"4" 




23 





«1 + Q'2 



cti + 3a 2 
a 2 ai + 2a 2 



Oil 

OLi Oil + OL% 

' C 2 ' 

Si S3 









Si S2 



Ioli + 3a 2 
a.1 + a 2 ai + 2a 2 



2«i + 3a2 

OLl (Xl + 3«2 

ai + 2a 2 
a 2 ai + a 2 





' £3 " 




6>2 S3 





" c 3 " 









' 5 3 " 




Si S2 



Due to Remark 11.51 and relation (|14p . it is obvious that 
following: 



Lemma 2.3. The triples c\ 2 



3 
12 



> "-24 



5" 
24 



and 034 



6' 
15 

6 

34 



'4" 

23 



. We also obtain the 



are equal. 



Proof. The Weyl group W(R) is generated by the simple reflections {s% = s ai , S2 = s a2 } defined 
by 

8i(ctj) = aj - Aijoa, (1 < i, J < 2), (24) 



where A 



2(oj, a •) 

are the entries of the Cartan matrix of G2. The Cartan matrix of G2 



\Oti,OLi) 



(with respect to the fixed basis II) is given by 



-3 2 



. We easily get that 



si(ai) = — ai, 51(02) = cki + «2, 52(02) = — «2, 52(01) = ai + 3o2- 



(25) 



Due to the fact that ||£i|| = ||£2|| = ||>C-3|| and ||5i 



1^3 1|, in order to prove the relation 



"3" 




"5" 


12 




24 


3y combinin 



it suffices to find an element w E W(R) such that w{C\) = £2 and w{S2) = S3. 

5 (|24|) and ([23]) we obtain that S2(«i) = 01 + 3o2, S2 («i + 02) = "l + 202, thus 
w = S2 = s Q2 • Similarly, for the simple reflection w' = s\ = s ai we compute 

S1OC2) = si(ai + 3«2) = 2ai + 3«2 = £3, -si(Si) = 51(02) = 01+02= <?2, 

□ 



"5" 




"6" 


24_ 




34 



which implies the equality 

We now proceed to the calculation of 



3 

12 



From Proposition 11.31 we have that 



2N, 



OL\,OL1 • 



3 a\ + «2 

12j [ a l a 2 

By using the relation (ai,a\) = 3(02,02) and equation (j23j) we get that 



N a 1>a2 = -^Q{a2,a 2 ) : so 



3Q(a 2 , o 2 ). 



12 



Andreas Arvanitoyeorgos, Ioannis Chrysikos and Yusuke Sakane 



The normalizing value (0:2,02) is given by Q(a2,a2 

a + /3~ 

a/3 

Similarly, it is 



— (cf. [Bou]) (recall that for the 



definition of the triples 
Thus 



we used an orthonormal basis of the submodules tn a ,ttig, m. 



a+/3) 



1 

4" 



"4" 




ai + 2a 2 


23 




02 ai + 02 



2iV, : 



a2,ai+a2 



and 



"6" 









2«i + 3a2 
a\ Qi + 3q 2 



2AT 



Oil ,Oii-\-30i2 



4Q(a 2 ,a 2 ) 



3Q(a2, a 2 ) 



1 

4' 



Now, from Lemma 12.31 we conclude the following: 



Proposition 2.4. The non zero triples 



'J 



of the full flag manifold G2/T are given by 



3 




5 




6 




6 


12 




24 




34 




15 



and 



4' 
23 



Therefore, we obtain the following expression for the Ricci tensor: 



Proposition 2.5. The components (i = 1,...,6) of the Ricci tensor associated to the G- 
invariant Riemannian metric g given in f)19|) are the following: 



1 1 / x x 

fx = 1 

2xx 16Va; 2 X3 

1 1 / x 2 

T2 = 1 

2x2 16 V £1X3 

1 I/13 

7*3 = 1 

2x3 16 V 2^x2 

1 1 / X4 

r 4 = 1 — — 

2x4 12 V X2X3 

r 5 = 1 1 1 ( X5 

2^5 16\XiX6 
r 1 | 1 / x 6 

2xq I6VX1X5 



X2 


X3 


X1X3 


X1X2 


XX 


X3 


X2X3 


X\X2 


X2 


XX 


X1X3 


X2X3 


X2 


X3 


X3X4 


X 2 X 4 


Xx 


x 6 


X 5 X 6 


XxX 5 


XX 


X5 


X5X6 


XlXQ 



J + 

+ 
+ 



+ 



Xx 


X 5 


xe 


X5X& 


xxx e 


XxX 5 


X2 


X3 


X4 


X3X4 


X2X4 


X2X3 


X3 


X2 


X4 


X2X4 


X3X4 


X2X3 


X4 


X2 


X5 


X 2 X 5 


X4X5 


X2X4 


X5 


X2 


X4 


X2X4 


X4X5 


x 2 x 5 


Xq 


X3 


X4 


X3X4 


X4XQ 


X3X6 



) 



16 

1 



+ 



X2 


X4 


X5 


X4X5 


X2X5 


X2X4 


X3 


X4 


X 6 


X4XQ 


X3X6 


X3X4 


X4 


X3 


Xq 


X 3 X 6 


X4XQ 


X3X4 



)■ 



Proof. This is a simple consequence of expression (|10p and Proposition [27 



□ 



According to (jlip . a GVinvariant Riemannian metric on the full flag manifold G2/T is Ein- 
stein, if and only if, there is a positive constant k such that 



TX = k, T2 = k, T3 = k, r 4 = k, r$ = k, r$ = k, 
where (i = 1, . . . , 6) are given in Proposition 12.51 



(26) 



3. Proof of Theorem A 

Note that the action of the Weyl group of G2 on the root system of G2 (cf. Figure 2) induces 
an action on the components of the G2-invariant metric (|19p . In particular, if 

(xx, x 2 , x 3 , X4, x 5 , xe) = (ax, a 2 , a 3 , a 4 , a 5 , x 6 ) 

is a solution for the system of equations (p6|) . then 

(xx, x 2 , X3, X4, x 5 , xq) = (a 5 , a 2 , a 4 , as, ax, a e ) 
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is also a solution of equations (|26p . In fact, if w is a reflexion about 2ol\ + 3«2 in the root 
diagram of G 2 , then w(a\) = ot\ + 3a2, u?(ai + 02) = «i + 2a 2 , which induces the action of 
exchange of x\ to X5 and X3 to x 4 respectively and keeping X2 and X6 fixed. Similarly we see 
that 

(xi,x 2 ,xs,X4,x 5 , x fi ) = (a e ,a 3 ,a 4 ,a 2 ,ai,a 5 ), (x\, x 2 , x 3 , x 4 , x 5 , x 6 ) = (ai, a 3 , a 2 , a 4 , a 6 , a 5 ) 

(xi,X2,x 3 ,X4,X5,a;6) = (a 5 ,a 4 ,a 2 ,a 3 ,a 6 ,ai), (xi, x 2 , x 3 , x 4 , x 5 , x 6 ) = (a 6 , a 4 , a 3 , a 2 , a 5 , ai) 
are also solutions of the equations (I26p , These metrics are all isometric to each other. 



In order to solve system (j26j) we normalize our equations by setting x\ = x$ = 1, and also 
£4 = x 3- Then we obtain the following expression for the Ricci components in this case: 

\ \ ( \ x 2 x 3 \ x 6 
ri = r 5 = - + — 



2 16 ^^2^3 £3 x 2 J 16 

r 2 = J- + l(^-l) + l(^-^-J- 

2x 2 12 \x 3 2 x 2 J 8 \x 3 x 2 x 2 x 3 

1 1 ( x 3 x 2 1 \ x 2 Xq 
r 3 = r 4 = h — 



2^3 16 \x 2 x 3 x 2 x 3 J 12x 3 2 16x3 

— + —(x 6 -— }+—(—- — 

2xq 16 V Xq) 16 V^3 2 Xq 
Now the system of equations (|26p is equivalent to the equations 

ri = r 2 , r 2 = r 3 , r 3 = r 6 . (27) 
Moreover, we see that the system of equations (p7|) is equivalent to the equations 

-9x 2 2 x 3 - 4x 2 2 - 3x 2 x 3 2 x 6 + 24x 2 x 3 2 + 3x 3 3 - 16x 3 2 + 9x 3 = 
9x 2 2 x 3 + 8x 2 2 — 24x 2 x 3 + 3x2X6 — 9x3 3 + 16x 3 2 — 3x 3 = 

-3x 2 2 x 3 x 6 - 4x 2 2 x 6 - 3x 2 x 3 2 x 6 2 - 12x 2 x 3 2 + 24x 2 x 3 x 6 - 6x 2 x 6 2 + 3x 3 3 x 6 - 3x 3 x 6 = 0, 

for solutions with X2X 3 X6 ^ 0. 

For the case when xq = 1, we obtain that X3 = X2 and the equation 15x2 2 — 20x2 + 9 = by 
computing a Grobner basis, and we do not have positive solution. Thus there are no Einstein 
metrics for this case. 

For the case when xq ^ 1, we obtain the following equations by computing a Grobner basis : 

28431x 6 14 - 589032x6 13 + 5435343x 6 12 - 29379024x 6 n + 100757208x 6 10 
-224163176x 6 9 + 336260186x 6 8 - 371473808x 6 7 + 339968604x 6 6 - 262478048x 6 5 
+152856152x 6 4 - 69550016x 6 3 + 35706576x 6 2 - 17407872x 6 + 3888000 = 0, (28) 

58198531083202847398292035805427252703995763069632x2 
-3643118798497595406962507582551202073571549014597x6 13 
+72992357388477268215374104374790339627732724331072x6 12 
-646567727758207935002275986628033179230065652663061x 6 n 
+3321518579042845371552323860647602584109650553728920x6 10 
- 10630524684514537641000725361809530238649740680444344x 6 9 
+21417364804945911429515190574637753191025839827487192x 6 8 
-28389061171757812126136768127456927964712883615920638x 6 7 
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+28311617865989383607989773945214867782385295574349024x 6 6 

-24774704999202893012898243740523073131413082414850260x 6 5 

+17526790961102909129622834293267525297910502941466624x 6 4 

-8188114481577095576234998176450007614578500056871240x 6 3 

+3562379534276698939524030165567374089875873542732800x 6 2 

-2298954881044018869226019836424141856363362783139696x 6 

+738157956056149928743880926430168536213084185530880 = 0, (29) 



2424938795133451974928834825226135529333156794568x3 
+190299726260617748360078671692188285863545186231x 6 13 
-3772672180209164908442997048429231230108688015708x6 
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+33007596001063757829305936652578219133471910058553x 6 n 

-167088331330227007688571325972415637397648450592985x6 10 

+524508423670293884907483441538953074568075167613750x 6 9 

-1028643118190496545823481969284436484392588928255299x 6 8 

+1321914168075901690582280884750861726955041116133678x 6 7 

-1286826151972665839433699700223920764972986949833794x 6 6 

+1102747968247342493561980802133113539094868778040040x 6 5 

-748737830066525920856184078153848962211101215021298x 6 4 

+334500258786115622392457312297818354307784956975224x 6 3 

-155759212247584755088196238509822799941866625955256x 6 2 

+95407553283841359554204716996124488446792794847168x6 

-28083415274725086532725024624855426929207778616800 = 0. (30) 

Now, by solving equation f|28[) numerically, we obtain exactly two real solutions which are 
approximately given by X6 ~ 0.7440 and X6 ~ 1.7896. Substituting these values for X6 into 
the equations (f29l) and (f30l) . we get two real solutions approximately given by X2 ~ 0.2173, 
X3 Rj 1.0234 and X2 ~ 0.2762, X3 ~ 1.0347. Moreover, we obtain the value for k by (|26p . Thus 
we have the following. 

Theorem 3.1. The full flag manifold G2/T admits two non-Kahler G2-invariant Einstein met- 
rics. These metrics are given approximately as follows: 

xi = 1, x 2 « 0.2762, x 3 = x 4 ~ 1.0347, x 5 = 1, x 6 ~ 1.7896, k « 0.3560 
x x = 1, x 2 ~ 0.2173, x 3 = x 4 w 1.0234, x 5 = 1, x 6 ~ 0.7440, k w 0.4269. 

Note that, for the case when X5 = x\ = 1 and 15 ^ 1, we see that X3 = X4 by computing a 
Grobner basis. 

Now we consider the case when (xi — x§){x\ — X6)(xs — xq) 7^ 0. In this case the system of 
equations (f26|) is equivalent to the equations 



n - r 2 = 0, r 2 - r 3 = 0, r 3 - r 4 = 0, r 4 - r 5 = 0, r 5 - r 6 = 0. (31) 
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Moreover, by normalizing our equations by setting x% = 1, we see that the system of equations 
([3Tj) is equivalent to the equations 

— 3X2 2 X3Xq — 6X2 2 X4X$Xq — 4x2 2 X§Xq — 3X2X3X4X5 2 + 24X2X3X4X5X6 
— 3X2X3X4X6 2 + 3X2X3X4 + 4X3 2 X5X6 + 3X3X4 2 X6 — 24^3X4X5X6 

+3x 3 x 5 2 x 6 + 4x 4 2 x 5 x 6 + 6x4X5X6 = 0, 

o o o 

3X2 X3X6 + 6X2 X4X5X6 + 8X2 X5X6 — 3X2X3 X5 + 3X2X4 X5 — 24x2X4X5X6 
+3X2X5X6 2 — 6X3 2 X4X5X6 — 8X3 2 X5X6 — 3X3X4 2 X6 + 24X3X4X5X6 — 3X3X5 2 X6 = 0, 



(32) 



3X2 2 X3X6 — 3X2 2 X4X5X6 + 6X2X3 2 X5 — 24X2X3X5X6 — 6x2X4^5 + 24X2X4X5X6 
o o 

+3X3 X4X5X6 + 8X3 X5X6 — 3X3X4 X6 + 3X3X5 X6 — 8X4 X5X6 — 3X4X5X6 = 0, 

— 4X2 2 X5X6 — 3X2X3 2 X5 — 3X2X3X4X5 2 + 3X2X3X4X6 2 — 24X2X3X4X6 

+3x 2 x 3 x 4 + 24x2X3X5X6 + 3x 2 x 4 2 x 5 - 3x 2 x 5 x 6 2 - 4x 3 2 x 5 x 6 + 6x 3 x 4 2 x 6 
-6x 3 x 5 2 x 6 + 4x 4 2 x 5 x 6 = 0, 

-X2 2 X 4 X 5 X6 + X 2 X 3 2 X 5 + 8X2X3X4X5X6 - 8X2X3X4X5 - 2x 2 X 3 X4X6 2 + 2x 2 x 3 x 4 
+ X 2 X 4 2 X 5 - X 2 X 5 X 6 2 - X 3 2 X4X 5 X6 + X 4 X 5 X 6 = 

for solutions with X2 X3 X4 X5 X6 7^ 0. 

By computing a Grobner basis for (xi — xs)(xi — X6)(xs — X6) 7^ 0, we obtain the following 
equation for X6 : 

(x 6 - 3)(x 6 - 2) (2x 6 - 3, )(2x 6 - l)(3x 6 - 2)(3x 6 - 1) x 
(19570190016315141603381713123537334000000000x 6 84 
+472980983168555664602145477565706833680000000x 6 83 
- 18883997141974881738092861801785333252894800000x 6 82 
+74794100641615694951351011555563273206842944000x 6 81 
+2178950793290897699447263319032587719040052785696x 6 80 
-23920323432867365791709113098968618521666096472928x 6 79 
+16203553461279979489585518066332806201459880764320x 6 78 
+1146798966623805392526876699318358505159292698566560x 6 77 
-8253365109064021447538266895144369502847176547816896x 6 76 
+15784456131787043608289459347642059765045090310138944x 6 75 
+126771120189744874933437937748815475102249501093644584x 6 74 
-1206001709632090015722926074131478604699691495585639240x 6 73 
+5328035280913750813152995811516544281680919577481605008x 6 72 
-12482442118497915371064225556847850469474467891986831088x 6 71 
-15498337035862631939271985201881911221051895322143942580x 6 70 
+338557565736435688036663787252532332747532110554214415660x 6 69 
-2039563706481217288587171432534950085804664817997809025036x 6 68 
+8633720294376050564114347614772621001678803290761747417964x 6 67 
-30615636009083905408974520798029796519322538407366673033114x 6 66 
+87661580222676988149508787898727904356830084933757595795694x 6 65 
-99295130678732982697954163540091714286402009996178205412788x 6 64 
-930119609210489893407678494136857339116003211787949649494086x 6 63 



-491014436822069242360009239669232171629406738219167642226922097x fi 59 
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+8251624538636047639504707897514835165179814626622592612906383x 6 62 
-40832553691879684939044909220462014642978264995169141443718513x 6 61 
+153113844728828704258891375722446944761321837963396088913678084x6 60 

+1486167275729136237725219222922695061597100791853410803505204530x6 58 
-4507398440013026996842432323631370556426336375958748492115236727x6 57 
+13403136215594023614151820862044576128237228016726350101925041588x6 56 
-36271125718390133054894878722158117315551760241836497851870273093x6 55 
+83047794002702199629819182231616589211956031126634402375905909446x 6 54 
-150193325304181943384609084747614184395393721106133360789756467387x6 53 
+188720043120217542280412396780001736455970138521743349912578548284x6 52 
-76741676617349091170093918618965231261859264468609973738315278031x 6 51 
-349518040230090282264003239755015528354901423481817134201855637044x6 50 
+1159869423644999127595987404946998669981199498972392560506911212007x 6 49 
-2133935440931377513253465270342417844656186357247004386125088676980x 6 48 
+2679153098878858240105331873966059777867005041600515836218049666291x 6 47 
-2058237669308851388130070447624724250332446226969413641626759839185x 6 46 
-86499479106794410056521461155508940987878993824757555118076751608x 6 45 
+3256570539222645939094151055641278779497867738115006803090527339472x 6 44 
-6138330577768613114245899426695789910243658269718926329419520882754x6 
+7304711956091898132457001381125874880268500470135196982359597863432x 6 42 
-6138330577768613114245899426695789910243658269718926329419520882754x 6 41 
+3256570539222645939094151055641278779497867738115006803090527339472x 6 40 
-86499479106794410056521461155508940987878993824757555118076751608x6 39 
-2058237669308851388130070447624724250332446226969413641626759839185x6 38 
+2679153098878858240105331873966059777867005041600515836218049666291x6 37 
-2133935440931377513253465270342417844656186357247004386125088676980x6 36 
+1159869423644999127595987404946998669981199498972392560506911212007x6 35 
-349518040230090282264003239755015528354901423481817134201855637044x6 34 
-76741676617349091170093918618965231261859264468609973738315278031x6 33 
+188720043120217542280412396780001736455970138521743349912578548284x6 32 
-150193325304181943384609084747614184395393721106133360789756467387x6 31 
+83047794002702199629819182231616589211956031126634402375905909446x6 30 
-36271125718390133054894878722158117315551760241836497851870273093x6 29 
+13403136215594023614151820862044576128237228016726350101925041588x6 28 
-4507398440013026996842432323631370556426336375958748492115236727x6 27 
+1486167275729136237725219222922695061597100791853410803505204530x6 26 
-491014436822069242360009239669232171629406738219167642226922097x6 25 
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+ 153113844728828704258891375722446944761321837963396088913678084x 6 24 
-40832553691879684939044909220462014642978264995169141443718513x 6 23 
+8251624538636047639504707897514835165179814626622592612906383x6 22 
-9301196092104898934076784941368573391 1600321 1787949649494086x6 21 
-99295130678732982697954163540091714286402009996178205412788x6 20 
+87661580222676988149508787898727904356830084933757595795694x6 19 
-30615636009083905408974520798029796519322538407366673033114x6 18 
+8633720294376050564114347614772621001678803290761747417964x6 
-2039563706481217288587171432534950085804664817997809025036x6 16 
+338557565736435688036663787252532332747532110554214415660x6 
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-15498337035862631939271985201881911221051895322143942580x6 14 
-12482442118497915371064225556847850469474467891986831088x6 13 
+5328035280913750813152995811516544281680919577481605008x6 12 
-1206001709632090015722926074131478604699691495585639240x 6 n 
+126771120189744874933437937748815475102249501093644584x6 10 
+15784456131787043608289459347642059765045090310138944x 6 9 
-8253365109064021447538266895144369502847176547816896x 6 8 
+1146798966623805392526876699318358505159292698566560x 6 7 
+16203553461279979489585518066332806201459880764320x 6 6 
-23920323432867365791709113098968618521666096472928x 6 5 
+2178950793290897699447263319032587719040052785696x 6 4 
+74794100641615694951351011555563273206842944000x 6 3 
- 18883997141974881738092861801785333252894800000x 6 2 
+472980983168555664602145477565706833680000000x 6 
+19570190016315141603381713123537334000000000) = 0. (33) 

Moreover, by examining the other elements of the obtained Grobner basis, we see that the other 
variables X2, X3, X4, X5 can be expressed by polynomials of X6 with degree 83. 

For the solutions (xq — 3)(xq — 2) (2x6 — 3) (2x6 — l)(3x6 — 2) (3x6 — 1) = 0, we get systems of 
solutions of the equation ([33]) as follows: 

5 4 1 

X 6 = 3, X 5 = 2, ^4 = 77, X3 = 3' X2 = 3' 

5 1 4 

x 6 = 2, x 5 = 3, x 4 = -, x 3 = -, x 2 = -, 

3 12 5 1 

x & = o> x 5 = r, X4 = -, X 3 = -, X 2 = -, 

2 2 3 6 6 

13 2 15 

X G = o> x 5 = ^4 = -, X 3 = -, X 2 = -, 

2 2 3 6 6 

2 115 

3, ^=3, X 4 = -, X 3 = - 

12 14 

3, x 5 = -, x 4 = -, x 3 = 

Note that these are six Kahler-Einstein metrics in Theorem 



X 6 = ~, X 5 = -, X 4 = -, X 3 = -, X 2 = -, 



X 6 = ~, X 5 = -, X 4 = -, X 3 = -, X 2 = -. 
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Now, by solving equation (|33p of the part of degree 84 numerically, we obtain 14 positive 
solutions which are approximately given by 

x 6 ps 0.1101296649906623, x 6 ps 0.1276467609933986, x 6 ps 0.1654266507070432, 

x 6 ps 0.2010643285289733, x 6 ps 0.3065328288396123, x 6 ps 0.5181203151843693, 

x 6 » 0.5477334830916693, x 6 ps 1.82570544045531482, x 6 ps 1.93005363946047411, 
x 6 ps 3.26229332037786929, x 6 ps 4.97353263662529741, x 6 ps 6.04497519429874693, 
x 6 ps 7.83411966130276958, x 6 ps 9.08020559296887189. 

To get the solutions of the equations (f32|) for variables x 2 , x%, x 4 , X5 corresponding to the solution 
Xq, we substitute these values for xq into the expressions of polynomials of xq with degree 83. 
Then we get systems of solutions which are approximately given by 



Xq p 


s 0.11013, 


x 5 R 


! 0.547733, x 4 ~ 


1.61358, 


x 3 ps 0.399131, x 2 R 


i -0.277481, 


Xq P 


s 0.127647, 


X 5 ! 


* -0.775539, x 4 


ps 0.202709, x 3 ps 1.7601, x 2 


ps -0.203265, 


Xq P 


s 0.165427, 


x 5 : 


5s -0.021892, x 4 


ps 0.308989, x 3 ps 0.00455279, 


x 2 rj 0.5435, 


Xq P 


s 0.201064, 


x 5 : 


ps 1.82571, x 4 ps 


0.728695, 


x 3 ps 2.94591, x 2 R 


' -0.506599, 


Xq P 


s 0.306533, 


x 5 : 


-1.52438, x 4 t 


=s 0.207857, 


, x 3 rj 1.64949, x 2 


ps 5.33389, 


X 6 P 


s 0.51812, 


X 5 R 


: -0.100239, x 4 f 


« -0.120371, x 3 ps -2.58645, 


x 2 ps -0.539579 


Xq P 


s 0.547733, 


x 5 : 


=s 0.11013, x 4 ps 


1.61358, 


x 3 rj -0.277481, x 2 


ps 0.399131, 


X 6 P 


s 1.82571, 


x 5 R 


: 0.201064, x 4 ps 


0.728695, 


x 3 ps -0.506599, x 2 ps 2.94591, 


X 6 P 


s 1.93005, 


X 5 R 


! -0.193467, x 4 t 


=s -1.04142 


!, x 3 ps -4.99198, 


x 2 ps -0.232323, 


X 6 P 


s 3.26229, 


X 5 R 


■ -4.97297, x 4 R 


: 17.4007, 


x 3 ps 5.38113, x 2 ps 


0.678092, 


X 6 P 


s 4.97353, 


X 5 R 


: 9.08021, x 4 ps - 


-2.51959, 


x 3 ps 14.6516, x 2 ps 


3.62419, 


Xq P 


s 6.04498, 


X 5 R 


: -0.132336, x 4 t 


« 3.28544, 


x 3 ps 0.0275215, x 2 w 1.86783, 


X 6 P 


s 7.83412, 


X 5 R 


i -6.07566, x 4 R 


■ -1.5924, 


x 3 ps 13.7889, x 2 R 


i 1.58805, 


X 6 P 


s 9.08021, 


X 5 R 


i 4.97353, x 4 ps - 


-2.51959, 


x 3 ps 3.62419, x 2 rj 


14.6516. 



Note that at least one of x, for these solutions is negative. Thus we have no invariant Einstein 
metrics for these cases. 

References 

[AAr] D. V. Alekseevsky and A. Arvanitoyeorgos: Riemannian flag manifolds with homogeneous geodesies, Trans. 

Amer. Math. Soc. 359 (8) (2007) 3769-3789. 
[APe] D. V. Alekseevsky and A. M. Perelomov: Invariant Kahler- Einstein metrics on compact homogeneous 

spaces, Funct. Anal. Appl. 20 (3) (1986) 171-182. 
[Arv] A. Arvanitoyeorgos: New invariant Einstein metrics on generalized flag manifolds, Trans. Amer. Math. 

Soc. 337 (2) (1993) 981-995. 
[AC1] A. Arvanitoyeorgos and I. Chrysikos: Invariant Einstein metrics on generalized flag manifolds with two 

isotropy summands, to appear in J. Aust. Math. Soc. 
[AC2] A. Arvanitoyeorgos and I. Chrysikos: Invariant Einstein metrics on generalized flag manifolds with four 

isotropy summands, Ann. Glob. Anal. Geom. 37 (2) (2010) 185-219. 
[ACS] A. Arvanitoyeorgos, I. Chrysikos and Y. Sakane: Complete description of invariant Einstein metrics on 

the generalized flag manifold SO (2n)/U{p) x U(n-p), Ann. Glob. Anal. Geom. 38 (4) (2010) 413-438. 
[Bou] N. Bourbaki-Elements De Mathematique: Groupes Et Algebres De Lie, Chapitres 4, 5 et 6 Masson Pub- 
lishing, Paris, 1981. 

[Bum] D. Bump: Lie Groups, Graduate Text iin Mathematics: 225, Springer Science+Business Media, Inc., USA, 
2004. 



Homogeneous Einstein metrics on G2/T 



19 



[BHi] A. Borel and F. Hirzebruch: Characteristic classes and homogeneous spaces I, Amer. J. Math. 80 (1958) 
458-538. 

[B6K] C. Bohm and M. Kerr: Low- dimensional homogeneous Einstein manifolds, Trans. Amer. Math. Soc. 358 
(4) (2005) 1455-1468. 

[BFR] M. Borderman, M. Forger and H. Romer: Homogeneous Kahler manifolds: paving the way towards new 

super symmetric sigma models, Comm. Math. Phys. 102 (1986) 604-647. 
[DSN] E. C. F. Dos Santos and C. J. C. Negreiros: Einstein metrics on flag manifolds, Revista Delia, Union 

Mathematica Argetina, 47 (2) (2006) 77-84. 
[Hel] S. Helgason: Differential Geometry, Lie Groups and Symmetric Spaces, Academic Press, New York 1978. 
[Kim] M. Kimura: Homogeneous Einstein metrics on certain Kahler C-spaces, Adv. Stud. Pure Math. 18-1 (1990) 

303-320. 

[Nis] M. Nishiyama: Classification of invariant complex structures on irreducible compact simply connected coset 
spaces, Osaka J. Math. 21 (1984) 39-58. 

[NRS] Yu. G. Nikonorov, E. D. Rodionov and V. V. Slavskii: Geometry of homogeneous Riemannian manifolds, 
J. Math. Sciences, 146 (6) (2007) 6313-6390. 

[Sakl] Y. Sakane: Homogeneous Einstein metrics on flag manifolds, Lobachevskii J. Math. (4) (1999) 71-87. 

[Sak2] Y. Sakane: Homogeneous Einstein metrics on principal circle bundles II, in Differential Geometry, Pro- 
ceedings of the symposioum in honour of Professor Su Buchin on his 90th birthday (Editors: C. H. Gu, H. 
S. Hu, Y. L. Xin), World Scientific Publishing, (1993) 177-186. 

[PaS] J-S. Park and Y. Sakane: Invariant Einstein metrics on certain homogeneous spaces, Tokyo J. Math. 20 
(1) (1997) 51-61. 

[Tak] M. Takeuchi: Homogeneous Kahler submanif olds in complex projective spaces, Japan. J. Math. 4 (1) (1978), 
171-219. 

[TYu] P. Tauvel and R. W. T. Yu: Lie Algebras and Algebraic groups, Springer Monographs in Mathematics, 

Springer-Verlag, Berlin, 2003. 
[WZ1] M. Wang and W. Ziller: On normal homogeneous Einstein manifolds, Ann. Scient. Ec. Norm. Sup. 18 (4) 

(1985) 563-633. 

[WZ2] M. Wang and W. Ziller: Existence and non-excistence of homogeneous Einstein metrics, Invent. Math. 84 

(1986) 177-194. 

University of Patras, Department of Mathematics, GR-26500 Rion, Greece 
E-mail address: arvanito@math.upatras.gr 
E-mail address: xrysikos@master.math.upatras.gr 

Osaka University, Department of Pure and Applied Mathematics, Graduate School of Infor- 
mation Science and Technology, Osaka 560-043, Japan 
E-mail address: sakane@math.sci.osaka-u.ac.jp 



